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We present an algorithm for computing the electromagnetic fields due to currents inside and
outside of finite sources with a high degree of spatial symmetry for arbitrary time-dependent
currents. The solutions for these fields do not involve the time derivatives of the currents but
involve only the currents and their time integrals. We give solutions for moving planar sheets of
charge, and a rotating spherical shell carrying a uniform charge density. We show that the general
solutions reduce to the standard expressions for magnetic dipole radiation for slow time variations
of the currents. If the currents are turned on very quickly, the general solutions show that the
amount of energy radiated equals the magnetic energy stored in the static fields a long time after
current creation. We give three problems which can be used in undergraduate courses and one
problem suitable for graduate courses. These problems illustrate that because the generation of
radiation depends on what has happened in the past, a system of currents can radiate even during
time intervals when the currents are constant due to radiation associated with earlier acceleration.
C 2012 American Association of Physics Teachers.
V
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I. INTRODUCTION
There are almost no analytical solutions for electromagnetic fields everywhere in space which are generated by
time-varying current systems with a non-vanishing extent in
at least one spatial dimension. Such problems can be solved
numerically. The standard approach is to first solve the timeharmonic problem and then finds the solution for an arbitrary
time-dependence using inverse Fourier transforms.1 In general, this approach involves numerical computations of much
complexity. As a result, we avoid discussions of the fields
associated with such problems in intermediate level undergraduate courses. At the graduate level, the physical meaning
of the solutions is usually lost in a maze of mathematical
complexity (for example, the solutions to the general problem involve vector spherical harmonics).
We would like students in intermediate and graduate level
courses to be able to solve analytically problems in which an
abrupt change in the current in one part of a system causes
changes in the local fields. These field changes can be shown
to propagate at the speed of light to other parts of the same
system of currents, and interact with those currents, eventually producing radiation far from the source. Such problems
illuminate the nature of reaction forces from first principles,
instead of deriving the form for those forces from energy
considerations. They also show that because radiation fields
depend on what has happened in the past, finite current systems can radiate even during time intervals where the currents are not changing in time, due to radiation associated
with earlier acceleration.
In this paper, we consider the properties of the complete
analytic solutions to two systems of the type we have
described: two oppositely moving infinite planes of charge
separated by a distance 2a; and a rotating, uniformly charged
spherical shell with radius a. We consider only timeindependent charge distributions with divergence-free current systems. For both systems, we determine the vector
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potential everywhere in space for arbitrary time dependence
of the currents. In the slow-motion or dipole approximation
limit, our complete solutions illuminate the properties of
magnetic dipole radiation which are not accessible in the
usual magnetic dipole radiation solutions. The complete solutions also yield new information about the energy radiated
for an instantaneous turn-on. We give three undergraduate
level problems related to the properties of these solutions. A
fourth problem for a related spherical shell of current is
appropriate for a graduate level electromagnetism course.
The kinds of systems we consider here, especially that of
the spherical shell, were at the forefront of scientific research
100 years ago in the Abraham–Lorentz model of the electron. The Abraham–Lorentz model of the spinning electron
has recently been rediscovered as a fascinating dynamical
system.2 Our purpose here is much more prosaic than current
research addressing these dynamics. We will assume that the
motions are given, and focus on causality, reaction forces,
and transit time effects in the consequent generation of electromagnetic fields.
The remainder of this paper is organized as follows. The
planar solution is derived in Sec. II, and the solution for the
rotating spherical shell is sketched in Sec. III. These solutions are used in Sec. IV to examine issues of propagation,
including what is hidden by the slow-motion or dipole
approximation, energy considerations, and local reaction
forces. Section V presents some numerical solutions for parameter domains of special interest. Section VI gives a summary of our results and insights, and Sec. VII presents four
problems suitable for courses in electromagnetism.
II. THE PLANAR SOLENIOD
The problem of the fields of an infinite parallel current
sheet changing arbitrarily in time has been treated by many
authors.3 We give a brief derivation of those fields here,
using an approach that can also be applied to the problem of
C 2012 American Association of Physics Teachers
V
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a rotating spherical shell. For time-independent charge distributions with divergence-free current systems with arbitrary
time dependence, the differential equation for the vector
potential A in the Lorentz gauge is
$$A

1 @2A
¼ l0 J:
c2 @t2

(1)

For a current sheet in the y-direction located at x ¼ 0, the current density is given by
Jðx; tÞ ¼ jðtÞdðxÞb
y;

(2)

where jðtÞ is the current per unit length and is an arbitrary
function of time. For this current density, the vector potential
A has only a y-component. We use Eq. (2) to write Eq. (1) as
 2

@
1 @2

(3)
Ay ðx; tÞ ¼ l0 jðtÞdðxÞ:
@x2 c2 @t2
The general solution to the homogeneous equation in Eq. (3)
has the form
Gðt  x=cÞ þ Hðt þ x=cÞ;

Thus, the current sheet can radiate energy to infinity even
when the current per unit length jðtÞ is constant in time. We
might suspect that this behavior is a feature of the infinite
planar geometry and does not appear in more realistic geometries. However, we will obtain the same behavior for a
rotating spherical shell of charge, as we discuss in Sec. IV,
where we will explain why this behavior (radiation without
apparent acceleration) can be understood in terms of the
usual relation between acceleration and radiation.
We now use superposition to determine the solution for
two oppositely moving infinite planes of charge separated by
a distance 2a, which we call a planar solenoid. By a planar
solenoid, we mean that we have two current sheets in the y-z
plane, one located at x ¼ a and one located at x ¼ a, with
the current sheet at x ¼ a given by jðtÞb
y and the current
sheet at x ¼ þa given by þjðtÞb
y. The solution for this case is
a superposition of the two solutions of the type given in Eq.
(7) and can be written in the form
 



cl
jx  aj
jx þ aj
Aðx;tÞ ¼ b
y 0 jð1Þ t 
 jð1Þ t 
: (9)
2
c
c

(4)
III. A ROTATING SPHERICAL SHELL OF CHARGE

where G and H are any functions of a single variable. To find
the particular solution to Eq. (3) with the inhomogeneous
source term, we construct it out of solutions to the homogeneous equation. We use causality and assume a function
propagating to the left for x < 0 and to the right for x > 0.
Continuity at the origin requires that
Ay ðx; tÞ ¼ Gðt  jxj=cÞ:

(5)

To determine G(t), we note that Eq. (3) implies that there
must be a jump in the z-component of the magnetic field (or
in the x-derivative of Ay ) across x ¼ 0 given by






@Ay 
@Ay 


Bz 
 Bz 
¼

@x x¼þe
@x x¼e
x¼þe
x¼e
(6)
2 dGðtÞ
:
¼ l0 jðtÞ ¼ 
c dt
We derived the last term on the right-hand side of Eq. (6)
using Eq. (5) to evaluate the left-most expression in Eq. (6).
Thus, we have


cl0 ð1Þ
jxj
j
þ C;
(7)
t
Ay ðx; tÞ ¼
2
c
where
ð1Þ

j ðtÞ ¼

ðt

jðt0 Þdt0 :

Note that the solution for the vector potential depends on the
first time integral of the current as a function of time and not
on any of its time derivatives. We will see a similar behavior
in the rotating spherical shell case, except we will have terms
up to the third time integral of the current as a function of
time in that case [cf. Eq. (19)].
The electric and magnetic fields are given by the spatial
and temporal derivatives of the vector potential and will thus
be proportional to jðtÞ and not to any of its time derivatives.4
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J/ ðr; h; tÞ ¼ jðtÞdðr  aÞ sin h:

(10)

If the sphere has charge per unit area r and rotates with an
angular speed XðtÞ, then jðtÞ ¼ raXðtÞ. For future use, we
note that the magnetic dipole moment of the current distribution in Eq. (10) is
ð
1 0
4pa3
mðtÞ ¼
jðtÞ:
(11)
r  Jðr0 ; tÞd 3 x0 ¼ b
z
3
2
If the sphere has a total charge Q and is rotating at a fixed
angular rotation rate X0 , the static magnetic dipole moment
m0 is given by

(8)

0
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We turn to the problem of a uniformly charged rotating
shell of radius a. We assume that the radius of the sphere
and the distribution of charge remain constant even as the
sphere rotates. A real sphere would deform under rapid rotation, so we require an external constraint to maintain the
sphere’s shape. This consideration is irrelevant here because
our focus is on the generation of electromagnetic fields. Our
rotating shell carries current in the azimuthal direction, with
the current depending on the sine of the polar angle h. Solutions to this problem in a very different form from ours have
been given by Daboul and Jensen5 and by Vlasov6 (see
also Ref. 2). The current density J has only a /-component
given by

m0 ¼

4p 3
a2 X0 Q
a j0 ¼
:
3
3

(12)

The vector potential A for the current density given in
Eq. (10) has only a /-component, and A/ satisfies the differential equation


1 @2
1 @
1 @
1 @2
ðsin
hA
ðrA
Þ
þ
Þ

A/
/
/
r @r 2
r2 @h sin h @h
c2 @t2
¼ l0 J/ :

(13)
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With the sin h dependence for J in Eq. (10), Au ðr; h; tÞ can
be written in separable form as
A/ ðr; h; tÞ ¼ Aðr; tÞ sin h:

(14)

We find the differential equation for A(r, t) by inserting Eq.
(14) into Eq. (13) and using Eq. (10), yielding
@2
2
1 @2
ðrAÞ

ðrAÞ

ðrAÞ ¼ adðr  aÞl0 jðtÞ:
@r2
r2
c2 @t2
(15)
Readers should compare Eq. (15) for the spherical case to
Eq. (3) for the planar case.
The general solution to the homogeneous equation in Eq.
(15) has the form
rAðr; tÞ ¼ G0 ðt  r=cÞ þ


r< ¼ minðr; aÞ and r> ¼ maxðr; aÞ;

cGðt  r=cÞ
þ H 0 ðt þ r=cÞ
r

cHðt þ r=cÞ
:
r

r < a and only outward for r > a, and require regularity of
the solution at r ¼ 0. We then require continuity of A(r, t) at
r ¼ a as well as the jump in the r derivative of Aðr; tÞ at
r ¼ a implied by the delta function in the source term in Eq.
(15). As in the planar case, these requirements suffice to
completely determine the particular solution.
We can also find the solution to Eq. (15) by Laplace transforming and inverting. Because the details of either derivation are involved, and we are mainly interested in the
properties of the solutions, we give only the results here and
give the details of the time-domain and the Laplace transform approach in a technical note.7
We use Eq. (11) to write the solution in terms of mðtÞ
instead of jðtÞ to facilitate comparison with the classic magnetic dipole solutions, which involve mðtÞ and its time derivatives. If we define
(17)

and
(16)
t6 ¼ t 

As in the planar case, we find the particular solution to Eq.
(15) by assuming the form in Eq. (16), but now we use causality to assume propagation both inward and outward for

r> r<
6 ;
c
c

(18)

We can write the solution for the vector potential of our
spherical shell, which has only a /-component, as

i
3
 c h ð2Þ
mð1Þ ðtþ Þ þ mð1Þ ðt Þ 
m ðtþ Þ  mð2Þ ðt Þ
3cl0 sin h 6
r<
i c h
i 7
Ashell
4 c h
5;
/ ðr; h; tÞ ¼
ð2Þ
ð2Þ
ð3Þ
ð3Þ
8pa2 r
m ðtþ Þ þ m ðt Þ 
m ðtþ Þ  m ðt Þ
þ
r>
r<
2

where we have defined the successive integrals of the dipole
moment mðtÞ by
mð0Þ ðtÞ ¼ mðtÞ ¼
mðnþ1Þ ðtÞ ¼

ðt

4pa3
jðtÞ
3

mðnÞ ðt0 Þdt0

(20)
ðn ¼ 0; 1; 2…Þ:

(21)

0

Even for a constant magnetic dipole moment, the expression
for the vector potential in Eq. (19) appears to be a function
of time, because the successive time integrals of a constant
mðtÞ in Eq. (21) are functions of time, even if the magnetic
dipole moment is not. Closer examination of Eq. (19) reveals
the following. Suppose that the magnetic dipole moment
mðtÞ is zero for t < 0, varies in the time interval 0  t < T in
an arbitrary manner, and reaches a constant value m0 for
t > T. It can be shown that7
8
<0
2
Ashell
ðr;
h;
tÞ
¼
l m sin h r<
/
: 0 0
2
rr>
4pa

t < jraj
c
t > ðrþaÞ
c þ T:

(22)

At very long times, Eq. (22) is the correct solution for the
vector potential of a uniformly charged spherical shell spinning at a constant rate. As we expect, we see time changes in
the vector potential at a given radius r only in the time
interval
323
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(19)

jr  aj
rþa
t
þ T:
c
c

(23)

For an instantaneous spin-up (T ¼ 0) an observer will see
fields changing in time only over the time 2a=c if r > a; if
r < a, the observer will see fields changing in time only over
the time 2r=c. For future use we also define
mðnÞ ðtÞ ¼

dn m
dtn

ðn ¼ 1; 2…Þ:

(24)

We will switch back and forth between the notation in Eq.
(24) and the notation in which we use dots over the function
to denote time differentiation, for example,
€ ¼
mðtÞ

d 2 mðtÞ
¼ mð2Þ ðtÞ:
dt2

(25)

The associated electric and magnetic fields can be found by
taking the negative time derivative of A and the curl of A,
respectively. We give the explicit forms for these fields in Ref.
7. We also show there that the solution in Eq. (19) is identical
to that given in Ref. 5, although they look very different.
IV. THE COMPLETE FIELD SOLUTIONS
It is remarkable that the solution for the spherical shell
potential in Eq. (19) does not involve any time derivatives of
Olbert, Belcher, and Price
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the magnetic dipole moment mðtÞ. In the context of the classic theory of magnetic dipole radiation, this result is unexpected, which raises three obvious questions.
Can we recover the classic magnetic dipole radiation formulae from the complete spherical shell solution when we
go to the slow motion or dipole approximation limit? Can
the complete solution of the spherical shell case illuminate
features of magnetic dipole radiation which we cannot answer with the classic slow motion solution? Is the planar solenoid solution we have given contained in the spherical shell
solution in some limit?
We consider each of these three questions in turn. In the
standard development leading to classic magnetic dipole
radiation, we assume that if T is the time scale for changes in
J, then T is much greater than a=c. We call this approximation the slow motion or dipole approximation. We also
assume that J is well behaved; that is, we may use a Taylor
series expansion for the time dependence of J about the time
t  r=c. If we also assume that the dipole moment mðtÞ is
always along the z-axis, and that a=r and a=cT are small
compared to unity, then the vector potential has only a
/-component, which can be shown to be (Ref. 8)


_  r=cÞ
l0 sinh mðt  r=cÞ mðt
classic
A/ ðr; h;tÞ ¼
: (26)
þ
rc
4p
r2
Because we have shrunk the radius of the sphere to zero, the
only information we have about the spatial structure of the
current distribution inside a is its spatial moments, through
mðtÞ. In contrast to the complete solutions, we have no information about the structure of the fields for r on the order of
a. The total rate at which energy is radiated to infinity in
€ 2 =6pc3 .
classic magnetic dipole radiation is l0 m
Now let us turn to the three questions. The complete
spherical shell solution involves mðtÞ and its time integrals,
whereas the classic magnetic dipole radiation involves mðtÞ
and its time derivatives. If we assume that we can expand
mðtÞ in a Taylor series, we can show that Eq. (19) can be
written for r  a as
l0 sin h
4p
 0

_ 0 Þ 1 a 2 d mðt
_ Þ mðt
€ 0Þ
mðt0 Þ mðt
þ
þ… ;
þ
þ
r2
rc
10 c dt0 r 2
rc

Ashell
/ ðr  a; h; tÞ ¼

(27)
where t0 ¼ t  r=c. In the limit a ! 0, we see from Eq. (27)
that the vector potential for the complete spherical shell solutions reduces to the familiar expression for the potential
associated with classic magnetic dipole radiation, as given in
Eq. (26). Thus, we recover the classic magnetic dipole radiation formulae from the complete spherical shell solution in
this limit.
We next turn to the question of whether the complete solution illuminates features of magnetic dipole radiation which
were not accessible before. The answer to this question is a
resounding yes. If we assume that a=cT  1, we can find an
explicit expression for the electric field at r ¼ a as follows:

l0 sin h
2 a 2…
_ 
Eshell
ða;
h;
tÞ
¼

mðtÞ
mðtÞ
/
2
4pa
5 c

1 a 3 …:
þ
m ðtÞ þ … :
(28)
3 c
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Equation (28) gives the electric field at the surface of the
sphere. We can use Eq. (28) to calculate the rate at which
work is being done by the external agents spinning up the
sphere.7 This work is equal to the energy stored in the static
field after spin-up plus the energy carried away to infinity by
the radiation, as we would expect, but in the classic calculation this equality has been a supposition, whereas now we
can do an explicit calculation.
Finally, the planar solenoid solution is contained in
our complete solution. To see this, we let the radius of the
sphere a and the distance from the origin r go to infinity in
such a way that the difference is finite. In this limit, if we are
at the equatorial plane where sin h ¼ 1, at a distance
jxj ¼ jr  aj  a from the spherical surface, the spherical
surface looks planar. In this limit, the only term to survive in
the equation for Eshell
[which is the negative time derivative
/
of the expression in Eq. (19)] is
3cl0
mðt  jxj=cÞ
8pa2 r
cl
¼  0 jðt  jxj=cÞ:
2

Eshell
/ ðr; p=2; tÞ ¼ 

(29)

We used Eq. (11) to replace mðtÞ by 4pa3 jðtÞ=3, and
assumed that mðtÞ is zero in the far distant past. In this limit,
we recover the behavior of the planar solenoid case, that is,
radiation fields which are not zero even when the sphere is
rotating at a constant rate.
How do we account for this situation? Radiation from a
planar sheet moving at constant speed has been discussed,3
but it is well known that problems involving infinite distributions of current can lead to unphysical paradoxes. At first
glance, radiation to infinity by an infinite current sheet with a
constant current appears to be a candidate for this kind of
unphysical behavior. However, the result we have just
obtained for spherical geometry dispels any suspicion that
the phenomenon is an artifact of ambiguities associated with
infinite extent. Given that a facile escape from paradoxes
associated with infinite extent is not possible, our result is
novel and initially surprising. After all, when the surface is
moving at a constant speed, the fields in the vicinity of the
surface are not changing in time, yet at and near the surface
there is a radiation field E/ , which is a radiation field and
produces a radiation reaction.
We first emphasize what is interesting about these solutions, in particular the dynamical aspects related to the creation and flow of momentum. Then we will explain why we
are discussing the radiation generated by acceleration, and
how this fact is hidden in the mathematics of the final
solutions.
One interesting feature of the solutions concerns Lorentz
transformations and emerges most transparently for the planar geometry. If the sheet of charge has never been moving,
then in the frame in which the sheet is stationary the electric
field has only an x-component Ex . A Lorentz transformation
in the y-direction does not change this fact. In a frame in
which the sheet is moving in the y-direction with some velocity (and has always been moving in the y-direction with
that same velocity) there is still no Ey component. The solution in Eq. (9) has a y-component, one that is not the result
of observing in one frame or another.
This insight can be applied to a sheet that starts from rest
in the lab frame, and then settles down to some constant nonzero speed in this frame. The Ey component cannot be
Olbert, Belcher, and Price
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removed by going to a frame co-moving with the sheet at
late times. That Ey is unambiguously present. The Ey field, a
true radiation field, “knows” not only about the motion of
the sheet but also about its history. These counter-intuitive
features of the radiation underscore the subtlety of the relation of radiation and its sources.
Before discussing this subtlety, we examine the solutions
in terms of momentum creation and flow for a charged sheet.
In the following, we keep only terms to first order in v0 =c,
but neglect terms of higher order. In the planar case, a single
current sheet can be thought of as a moving uniformly
charged sheet with positive charge per unit area r0 , moving
at velocity vðtÞ ¼ vðtÞb
y, with the current per unit length
given by jðtÞ ¼ r0 vðtÞ. In the discussion of the planar sheet
in Sec. II, we assumed that the moving positive charge r0 is
balanced by a stationary negative charge r0 , so that there
is no net electrostatic field (see Ref. 4 for other possibilities).
But consider the case for which there is no stationary negative charge, so that there is an electrostatic field. The unbalanced positive charge per unit area r0 produces an
electrostatic field of magnitude r0 =2e0 perpendicular to the
sheet in the 6x-direction. Suppose that at t ¼ 0, we bring
this sheet of charge instantaneously from zero speed to constant speed v0 . At time t ¼ T > 0, for jxj > cT, we will
observe the electrostatic field in the x-direction, and for
jxj < cT, we will observe both this field and the radiation
electric and magnetic fields. The ratio of the magnitude of
the radiation electric field in the y-direction to the electrostatic field in the x-direction for jxj < cT is given by [see
Eq. (29)]
jEy j hcl0 j0 i
¼
2
jEx j




r0
v0
¼ :
2e0
c

(30)

This ratio is what we expect from simple geometry. The foot
of the electrostatic field line is rooted in the charges making
up the sheet, and the parts of the field line for jxj < cT are
moving along with the foot in the y-direction at speed v0 after t ¼ 0. Thus we expect from geometry alone to see the ratio given in Eq. (30). This behavior is like waves on a string,
and we would have an analogous situation if a post supporting a string is suddenly set in motion with speed v0 perpendicular to the string at t ¼ 0, with the speed c replaced by the
speed of waves on the string.
From this point of view, the reason that the unbalanced
positive sheet of charge continues to radiate even after it has
been brought up to constant speed is that even though the
external agents for a time just greater than zero have already
put in the energy required to get the sheet itself up to constant speed, they must continue to do work for t > 0 to bring
the electrostatic fields associated with the unbalanced
charges in the sheet up to speed. The rate at which they continue to add momentum in the y-direction per unit area in the
y-z plane is the force that they must exert to counterbalance
the reaction electric field. That is,


r0 Ey 

x¼0

¼

2e0 E20
v0 c:
c2

(31)

Where does the momentum provided by the external agents
go? The total electromagnetic momentum in the y-direction
per unit area in the y-z plane at time t ¼ T > 0 is
325
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2cT ½e0 E  By ¼ 2cT ½e0 E0 Bz  ¼ 2cT


2e0 E20
v
c
¼T
0 :
c2

e0 E0 Ey
c


(32)

We see from Eq. (32) that the electromagnetic momentum in
the y-direction per unit area in the y-z-plane is continuously
increasing for t ¼ T > 0, as the radiation fields move outward at the speed of light, and that the rate at which the electromagnetic momentum is increasing equals the rate at
which the external agents are providing momentum at x ¼ 0
[see Eq. (31)].
Even long after the unbalanced charged sheet is up to
speed, the sheet continues to radiate. This radiation carries
momentum outward at a rate sufficient to get the more and
more distant electrostatic fields “up to speed.” For a single
sheet this radiation never stops, because there is an infinite
amount of electrostatic energy to get up to speed. For a twosheet planar solenoid, there is a finite amount of electrostatic
energy per unit area in the y-z plane, and those fields are up
to speed after a time 2a=c, so that the sheets cease to radiate
after this time. We expect similar behavior in spinning up a
spherical shell of charge.
The dynamical aspects of the fields are reasonable, but
what about the fundamental origins of these fields? It appears
that the equations tell us that radiation fields can have source
currents which are constant in time, but this conclusion is
incorrect as can be seen in Eq. (7). At x ¼ 0, Eq. (7) tells us
that Ay is proportional to jð1Þ ðtÞ and that, therefore, the radiation electric field at x ¼ 0, which is proportional to the time
derivative of Ay , depends only on jðtÞ, the present value of
the current. It thus appears that the electric field at x ¼ 0
does not depend on what happened in the past.
Physically we know that the electric field does depend on
the past. Let us focus on a particular observation point, at a
particular value of x ¼ 0, y, and z and a particular time t. At
this place and time, the sources of the field include any point
ð0; y0 ; z0 Þ on the current sheet at a distance L from our point,
at a time t0 ¼ t  L=c, where L is the distance from source to
observation point and the time t0 is the retarded time for that
source point relative to our observation point. For an infinite
sheet, no matter how long ago the acceleration stopped, there
will always be sufficiently distant source locations which
were accelerating when they made their contribution to the
field at ð0; y; zÞ at time t.
This result is in the mathematics, but it is not readily apparent in the final solution. Suppose that the current is constant
in time and that there never was any acceleration. In Eq. (6),
_ is a constant for all time, and hence Ay is
we have that GðtÞ
meaningless; it would be infinite in the infinite past. Equivalently, the time integral in Eq. (8) would have to extend back
to infinity, and hence would have no meaning; our method
would break down. Our method thus requires that there has
to be a change in the past, and therefore an acceleration, and
that the integral back to the finite past is finite. What is particularly interesting about this insight is that the details of
that history do not matter. It only matters that, due to its
properties, the integral of jðtÞ is finite. If this requirement is
satisfied, the solution in Eq. (7) is valid.
The appearance of radiation without apparent acceleration
is not as awkward for the sphere as for the plane, and the
way in which the mathematics is compatible with the physics
is more transparent in the spherical case. For the latter case,
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when the time T in which we spin up the sphere is short compared with the light transit time across the radius of the
sphere, this radiation without apparent acceleration should
cease after a time 2a=c. This conclusion should be clear.
Suppose we take any finite distribution of current and turn
the currents on instantaneously. Far away from this event we
expect to see a burst of radiation which lasts a time the order
of the finite size of the system divided by the speed of light.
Thus, the current distribution must be radiating after the currents are no longer changing in time, because the time interval when the currents are changing is zero (or at least
arbitrarily small). Even though this conclusion is clear, we
have in Eq. (19) for the first time a complete analytic solution which allows us to examine the process in detail.
V. NUMERICAL SOLUTIONS
We now turn to numerical solutions to further explore the
details of the compete solutions. We consider two different
time behaviors for the turn-on of mðtÞ. The first has wellbehaved time derivatives to all orders.




m0 2
t
msmooth ðtÞ ¼
arctan
þ1 :
(33)
2 p
T=5
The second is a ramp turn-on of mðtÞ which has derivatives
which are not well behaved.
8
t<0
<0
(34)
mramp ðtÞ ¼ m0 t=T 0 < t < T
:
1
t > T:
For both of these time behaviors, we compute the total
energy radiated to infinity in the complete spherical shell solutions and compare it to the amount radiated in the classic
magnetic dipole radiation solutions. We normalize the radiated energy in all cases to the energy contained in the static
magnetic field for constant rotation rate, which is given by
l0 m20 =4pa3 .
The normalized radiated energy for both time behaviors is
plotted as a function of the ratio a=cT in Fig. 1, with the two
curves labeled as smooth and ramp. For comparison, the
dashed straight line labeled dipole in Fig. 1 is the normalized
radiated energy using the classic expression for the magnetic
dipole radiation rate for the smooth time behavior. It is easily
seen that the classic dipole total energy radiated scales as
ða=cTÞ3 . For small values of a=cT, the smooth curve in
Fig. 1 shows this behavior and is identical with the classical
result. As a=cT becomes comparable with and much greater

Fig. 1. The normalized total energy radiated by a spherical shell as a function of a=cT for the smooth and ramp spin-up with characteristic time T.
The curve labeled dipole is the total normalized energy radiated by a point
magnetic dipole computed for the smooth spin-up time function.
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than unity, our numerical result for the energy radiated in the
complete spherical shell solutions does not increase without
limit, but instead approaches the energy stored in the static
magnetic field after spin-up. For the ramp spin-up, the classic
expression for the radiated power in the dipole limit cannot
be evaluated because the second time derivative of mðtÞ is
ill-defined. However, there is no problem in evaluating our
complete spherical shell expressions for the ramp turn-on
because we can easily integrate the ramp successive times.
The behavior at small values of a=cT for the ramp turn-on is
proportional to ða=cTÞ2 , which can be obtained analytically
with some effort. The behavior at large values of a=cT is the
same as for the smooth function, approaching the same constant, as we expect, because in this limit both mramp ðtÞ and
msmooth ðtÞ approach a step function at t ¼ 0.
Because our solutions are novel for a=cT  1, the opposite of the slow motion approximation, we also show the radial profiles of the fields for very rapid turn-on. In Fig. 2, we
have taken the ramp turn-on with a=cT ¼ 10, or T ¼ 0:1a=c.
We plot E~shell
u , the / component of the electric field of the
shell divided by cl0 j0 , and B~shell
h , the h component of the
magnetic field of the shell divided by l0 j0 , at the time
t ¼ 0:5a=c after the ramp turn-on. Both of the field components are evaluated in the equatorial plane at h ¼ p=2. Figure
2 is one frame of a video that can be found online.7
What we see in Fig. 2 is approximately the fields we
would see around a single infinite plane of current located at
x ¼ a with a turn-on of the current per unit length given by
the ramp turn-on of Eq. (34). In the planar case, at
t ¼ 0:5a=c, the normalized electric field is constant at a
value of 1=2 in the interval 0:6a < x < 1:4a, linearly
decreasing from that value to zero at x ¼ 0:5a and x ¼ 1:5a.
Similarly, in the planar case at t ¼ 0:5a=c, the magnitude of
the normalized magnetic field is constant at a value of 1=2
in the interval 0:6a < x < 1:4a, reversing sign across the
current sheet at x ¼ a, and then linearly decreasing to zero at
x ¼ 0:5a and x ¼ 1:5a, respectively. The departures from
this planar behavior in Fig. 2 are caused by the spherical
geometry, but the similarities are clear.
We also give some feel for the overall topology of the
field at the time shown in Fig. 2. To illustrate the structure of
the magnetic fields, Fig. 3 uses the line integral convolution
method,9 a method that shows the field as streaks of pixels
and provides a visual representation of the field close to the
limits of the display. At this time, the magnetic field is only

Fig. 2. The normalized h and / components of the electric and magnetic field
of the shell in the equatorial plane for the ramp turn-on with T ¼ 0:1a=c. We
show the fields at a time t ¼ 0:5a=c after the turn-on starting at t ¼ 0
(enhanced online) [URL: http://dx.doi.org/10.1119/1.3682326.1].
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to the fields in the quasi-static approximation and draw conclusions about the validity of the approximation. In particular, we will compare the exact solutions to the calculation of
the electric field at the surface of the solenoid using Faraday’s Law applied assuming the quasi-static approximation
for the magnetic field.
There are two current sheets in the y-z plane as we have
described. We assume that student has been led through the
derivation of Eq. (9).

Fig. 3. A line integral convolution representation of the magnetic field topology for a ramp turn-on in a time T ¼ 0:1a=c. The field is shown at a time
t ¼ 0:5a=c after the turn-on starting at t ¼ 0. The sphere is indicated by the
circle [URL: http://dx.doi.org/10.1119/1.3682326.2].

non-zero in the interval 0:5a < r < 1:5a. This spatial behavior of the magnetic field is consistent with the fact that the information that the spherical surface at r ¼ a has started
spinning propagates away from the surface of the sphere at
the speed of light, beginning at time t ¼ 0, and we are looking at a later time t ¼ 0:5a=c. We have coded Fig. 3 so that
the darker zones correspond to fields associated with the
times at which the currents in the sphere are in the process of
turning on, and the lighter zones are the fields associated
with the times at which the currents in the spherical shell are
constant in time. Note that most of the fields created by the
spin-up of the sphere are associated with times after the
sphere is rotating at constant angular speed and is no longer
accelerating. Figure 3 is one frame of a video that is available online.7
VI. SUMMARY
We have given the complete solutions everywhere in
space for a planar solenoid and a spherical shell of current.
Unexpectedly, we find that the solutions for these electromagnetic fields are free of the concepts of differential calculus, and our solutions involve only the currents and their
time integrals, and do not involve the time derivatives of the
currents. These problems are of interest for several reasons:
they present examples which exhibit radiation near a current
source at a time when the current is constant. The details of
the solution show that this radiation, while ultimately due to
changes (accelerations) in the past, is insensitive to the
details of those changes. They explicitly display transit time
delays across a source associated with its finite dimensions;
allow students to see directly the origin of the reaction forces
for time-varying systems; and allow for the direct calculation
of the ratio of the energy radiated to the energy stored for arbitrary time dependence.

(a) Assume that to a good approximation the magnetic field
as a function of time and space is given by
Bðx; tÞ ¼ l0 jðtÞb
z for jxj  a and is zero otherwise. Use
Faraday’s Law to find the electric field at x ¼ 6a.
(b) Find an expression for E(x, t) from the exact solution for
the vector potential in Eq. (9). Assume that the time scale
T for significant variation in jðtÞ is much greater than
a=c and expand your exact expression for E using a Taylor series, keeping only leading order terms in a=cT.
Show that if you keep terms to this order, then the exact
solution for the electric field assuming T  a=c reduces
to the electric field obtained in (a) at x ¼ 6a.
B. Problem 2: Comparison of the radiated and stored
energy for a planar solenoid
Consider two current sheets in the y-z plane. We assume
that students have been led through the derivation of Eq. (9)
and the associated fields.
(a) Assume that T  a=c and show that for x > a, Eq. (9)
can be written to leading order as
Aðx; tÞ ¼ cl0 aj t 

x
b
y:
c

(35)

(b) Assume the functional form for jðtÞ is similar to the
smooth turn-on form given in Eq. (33), and that
T  a=c. Use the solution for the vector potential in Eq.
(35), and its associated fields, and calculate the ratio of
the energy radiated away to infinity per unit area perpendicular to the x direction to the energy in the final magnetic field per unit area perpendicular to the x direction
for t >ÐT after the current has stopped increasing in time.
1
(Hint: 1 dg=ð1 þ g2 Þ2 ¼ p=2). [Answer: ð5=pÞa=cT].
(c) Now assume that jðtÞ goes instantaneously from 0 to j0
at t ¼ 0. Use the fields derived from your exact solution
for the potential in Eq. (9) to calculate the same ratio as
in (b). [Answer: 1.]
C. Problem 3: Reaction forces for the uniformly-charged
rotating spherical shell

A. Problem 1: The planar solenoid and Faraday’s law

Consider a spherical shell carrying a current as described
in Eq. (10). We assume that the student has been led through
the derivation of Eq. (19) using the time domain method.7

This problem is appropriate for the typical junior/senior
level course taken by physics majors. The problem probes
the quasi-static approximation for the magnetic field of the
planar solenoid. In this approximation, we ignore propagation effects and consider the magnetic field inside the solenoid to be spatially uniform and the magnetic field outside
the solenoid to be zero. Because we have the exact solutions
for the planar solenoid, we can compare the exact solutions

(a) For the case that the time scale T for significant variation
in mðtÞ is much greater than a=c, use Taylor series
expansions of the exact solutions in Eq. (19) to show that
the electric field at r ¼ a is given by Eq. (28).
(b) Assume that current is turned on over a time T with
jðtÞ ¼ 0 for t < 0 and jðtÞ ¼ j0 for t > T. Assume also
that the turn on and the leveling off to constant current
are smooth in the sense that the first through third time

VII. SUGGESTED PROBLEMS
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derivatives of jðtÞ vanish both at t ¼ 0 and at t ¼ T. Use
Eqs. (10) and (28) and calculate the work done (that is,
the time and space integral of J E) assuming that the
time-scale for change T is much larger than a=c. Relate
your answer to the energy stored in the magnetic field after t ¼ T and to the energy radiated away in magnetic
dipole radiation between 0 and T. [Hints: the rate at
which energy is radiated into all solid angles in magnetic
€ 2 =6pc3 , and the magnetic
dipole radiation is given by l0 m
dipole moment for this problem is given in Eq. (11)].
(c) Now assume that jðtÞ goes instantaneously from 0 to j0
at t ¼ 0. Consider only the radiation terms in the electric
field associated with the potential in Eq. (19), that is, the
terms going as 1=r. For these terms assume that the corresponding field radiation terms are in magnitude the E
field radiation terms divided by c. Use your exact solutions to calculate the energy radiated away to infinity for
this process of instantaneously spinning up the sphere,
and show that it is equal to the energy stored in the magnetic field long after the current has stopped increasing
in time.
D. Problem 4: The spherical shell (graduate level)
Consider a current carrying shell in which the current in
the /-direction depends on the polar angle as
J/ ðr; h; tÞ ¼ jðtÞdðr  aÞP1l ðcos hÞ;

(36)

where Pm
l ðcos hÞ is an associated Legendre polynomial.
(a) Show that the solution for the vector potential A is given
by
l X
l
X
cl;k cl;m ckþm
3cl0 1
Pl ðcos hÞ
k
m
3
8pa r
k¼0 m¼0 ð2r> Þ ð2r< Þ
"
#
ð1Þm mðkþmþ1Þ ðtþ Þ
;
þð1Þlþ1 mðkþmþ1Þ ðt Þ

A/ ðr; tÞ ¼

(37)

where mðnÞ ðtÞ is defined in Eqs. (20) and (21), and
cl;m ¼

ðl þ mÞ!
:
m!ðl  mÞ!

(38)

(b) How would you solve the general problem for any axially symmetric current distribution on a spherical shell
by superposition of the solutions given in Eq. (37)?
(c) Now assume that jðtÞ goes instantaneously from 0 to j0
at t ¼ 0. Consider only the radiation terms in Eq. (37).
Use your exact solutions and show that the energy radiated away to infinity for this process of instantaneously
spinning up the sphere is equal to the energy stored in
the static magnetic field a long time after the current has
stopped increasing in time. That energy in the static
magnetic field for general l is given by
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Ulmag ¼

lðl þ 1Þ 9l0 m20
:
ð2l þ 1Þ2 8pa3

(39)

(d) Argue from energy considerations that for any axially
symmetric current distribution on a spherical shell, the
energy required to establish the currents in a time very
short compared with a=c must be approximately equal to
twice the energy stored in the magnetic field after they
the currents are established.
(e) Think of a way to show part (d) directly from your solution in Eq. (37), rather than relying on an energy
argument.
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